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For every positive integer k, there is a positive integer f(k) such that every finite digraph of
minimum outdegree f(k) contains vertices z, y joined by k openly disjoint paths.

It was proved in [5] that every finite (undirected) graph (without multiple
edges) of minimum degree k contains adjacent vertices joined by & openly disjoint
paths (cf. also {6], [7], [1]). It was shown in 8] that every finite digraph (without
multiple edges) of minimum outdegree k contains vertices z, y connected by k-1
edge-disjoint (directed) paths from x to y, and perhaps there are even k such paths.
Such a result is not true for openly disjoint paths in digraphs: for every positive
integer m, a finite digraph of minimum outdegree 12m is constructed in [8] so that
all vertices =, y are connected by at most 11m openly disjoint paths from z to y.
A similar negative result holds, if we require in addition that also the indegree is
large [8]. It remained an open problem in [8], if for every positive integer k there
is a (least) integer f(k) such that every finite digraph of minimum outdegree f(k)
contains vertices z, y connected by k openly disjoint paths from x to y. We prove
the existence of such a function f here and show f(k)=k for k<3.

First some definitions and notation. A digraph D = (V,£) has no multiple
edges of the same direction. Its vertex set is denoted by V(D), its edge set by
E(D)C{(z,y):x#y from V(D)}; furthermore, |D|:=|V(D)| and || D||:=|E(D)].
The edge (z,y) goes from z to y. For X C V(D}, D(X) means the subdigraph
of D spanned by X and D — X := D(V(D) - X); we write D —x := D - {x}
for # € D, where © € D is equivalent to z € V(D). For = # y from V{(D),
DuU(x,y) = (V(D),E(D)u{{z,y)}); note DU (x,y) =D, if there is an edge {rom
z toyin D. For X CV(D), E(X) = {(y,x) € E(D):y ¢ X and = € X},
Np(X):={yeV(D): thereis an (y,z) € E(X)} and d,(X) = |N(X)]. We

write x instead of {x} in this notation and delete the subscript D, if the considered
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D is obvious from the context. The notation Et(X), NT(X) and dt(X) is defined
correspondingly; for instance, dB(m) denotes the outdegree of z € D. We call a
digraph D outregular of degree n, if d“g(ac) =n for all ze D.

A path and a circuit in a digraph are always continuously directed and pass
through every vertex at most once. An z,y-path is a path which starts from the
vertex z and ends in the vertex y and an X, y-path for X CV(D) has only the initial
vertex and no other vertex in common with X. We call a digraph D connected,
if there is a (directed!) z,y-path in D for all z,y € D. The maximum number
of pairwise openly disjoint x,y-paths in D is denoted by x(z,y; D) for z #y, and
we define «(z,z; D) :=0. Furthermore, we set ®(D):= m%%m(:c,y;D) for a finite

1

digraph D. A vertex set T C V(D) separates CCV{(D) to z€ D, i TN(CU{z})=0
and there is no C, z-path in D—T.

If & is a set of subsets of a set, we write | J& for |J S. For a positive integer
Sedf

m, Ny, :={1,...,m} and ?m::(Nm,{(i,j):i#j from Ny }).

For non-negative integers p, n, D5 denotes the class of all finite digraphs D
which satisfy the inequalities |{z € D:d}(x) <n}|<p<|D|. Every D€} has a
vertex z with d™(z) >n, hence |D|>n+2, since D is a digraph.

k2(k+1

Theorem. For every non-negative integer k, every D € °@k3 (k+1

g contains vertices
z, y with x(z,y,D)>k.

Proof. We assume that there is a positive integer k, for which this is not true. Be
p:=k?(k+1) and n:=k3(k+1)=kp. Choose a D € D%, which has x(x,y; D) <k for all
z,y€ D, such that |D|+||D|| is as small as possible. Set P:={z€ D:dp(x)<n}. By
minimality of D, we have d,(z)=0 for all € P, d;(x)=n-+1 for all z € D—P and
|P|=p. Choose zg€ V(D) — P#0 and denote the elements of F,(xg) by (w;,20)
for i€N, 1. We subdivide (z;,20) by a new vertex s; for i € Ny, 1 (s; #s; for 17 )
and get in this way Ds; set S:={s;:1€Ny41}.

By Menger’s theorem (see, for instance, chap. X.1 in [10]), for every z € D—zq

there is a T, CV(Ds) — {z,zg} with |T;| <k which separates z to zg in Ds. For
every z € D —xq define Cy := {y € Ds: there is an z,y-path in Ds—Ty}. Then
z€Cy— U Cly holds for every x € P, since dp, (z)=0 for z€ P. Choose a
yED—{mrzO}
minimal covering 6 C{Cz:z€ D —xo} of V(D —xp) and define T := NIJSS (C) for
CeBand T:= |J Tg. Then C:=C—J(6 - {C})#0 for every C €6, since the
Cet
covering € of V(D —zg) is minimal. From the above property of Cy for z € P, we
deduce
1. Cz €6 and CoNP={x}=CyNP for every zc P.
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Furthermore, we have CNC =@ for C#£C’ from €, TN P={ and
2. > |Tcl<kl8].
Ce®

Since 8 is a covering of V(D —xzq) and T separates C 1o g in Dy [or C €6,
SCT and SN{YBE=0, in particular, | JE=V(D —xg) hold. Defining Té, =T -5
for C €8, we get from (2)

3.5 [Thl<kigl-n—1.
Cecé

Set ¢ :={Ce€B:CNP =0} and €p:=€—¥'. By (1}, we have §p ={Cc¥E:
CNP#0} and

4. |8 p|=p.

Consider 4 :={A €8 : C%g‘AﬁTé[ <k} For Aed let G, ..., Ct/‘(‘A) be

all C € 6 with TcNA#@. Then 0 <t(A) <k for every A € 4 by definition of

iA )}) Then AC A

holds for A €. Consider any (r,y) € B(Ds) with y€ A, but x ¢ AU{xp}. Then
(z,y)€ F{D—xzy) and thereis a Cé‘g*{A,CA,.,,>C£?A)} containing . But y¢ C,

_ t(A)
. For Acd, define A:=(AU |J CA)-U(B-{A4,C{,....CH
1=1

hence y € T/,. In particular, this implies Np oo (A) €A, hence (lB(.E)(:L') >n for

all x € A, since ANP =0 and there is at most one edge from zg to z. Therefore,
|A]>n-+1>p+1, since A#. Furthermore, |6|> EA’—l >k, since SCT. Hence A is a
proper subset of V(D —xg), since I{A,Cfl, . .,C{?A)}l <k and C#0 for every C €6.

Since D was a minimal counterexample, these statements imply that D(AU{zg})
has more then p vertices of indegree at most n. Since every such vertex of indegree
al most n must be in PUTU{zp} by above, we get

5 (PUT)NA|>p for every AcA.
Every C € 8 occurs in {C{,...,C t(A } for at most & A €4, since [T¢)| < k.
Hence every C'€ 6 occurs in {A,C{,..., ’t(A)} for at most k+1 Acs. Bvery ac A
belongs to certain elet{lents of {A,C{l, .. .,C’;?A)}, but to no further elements of €.

Therefore, every ac U(4):= |J A belongs for at most k+1 A€ to 4. Hence, (5)
Aed
implies

6. [PAUW)|+|TNUW)|=|(PUT)NU4)| > 24 = k2 4.

If CNA#D for some C €6 and A €, then C C A by definition of A. Set
"i={Ce¥ . CCUW} and Cp = {C c8p:C C UL} By (1), we get
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IPNU(A)| =|6p|. Since every C €% with C C U(A) occurs in {A,C’f,..,,Ct’?A)}
for some A€, we see |6” UB| <k|d|. So (6) implies
7. TOU )| > k|8 |+ (k—1)|8] > k[8"].
Using (3) and (4), we get from (7)

Yolten J U Y ITE - ITnU)| < KBl —n—1- k8|
Ce8 C'et’' -86" cet

=k|Bp|+ k6 -6 | —n—-1< kB -6
But this implies that there is an A€ 8'—€" with 5 ITHNA| <k, ie. Acd, which
Ceg
contradicts L C 8", |

Remark. The value p and hence n = kp in the proof is mainly determined by
inequality (7): we have to choose p for a given k so large that |[TNU ()| > k|8"|
holds. Thereby it is enough to consider an 4y C 4 such that 8”(dp) :={C €8 :
C CU(4o)} DA and [TNU(Ao)| > k8" (dg)| hold, where U(dp) := (J A. Let
Acdy
us choose Aj, ..., Am from o successively so that A; ¢ 8"({4;1,...,4;, 1}) and
6"({A1,...,Am}) Dl hold; set o:={A1,...,Am}. Suppose y€U(dy) occurs in A
for k+1>2 Aecdpy. If C€¥ contains y, then C must be in {A,CIA,...,C;?A)} for
these A with y € A, which implies C €4, since every C € 6 occurs in {C‘fl, ey CQA)}
for at most k A€. Therefore, if there are distinct Cp, Co €6 containing y, then
C;edp and Cjp1 € {Cci,...,Cgé,i)} for i=1,2 {mod 2). But this cannot happen
by the choice of Ay. Hence, we conclude y€ A for an A€4y. But the vertices € A
were not taken into account in deducing inequality (5) for this A, since every z€ 4
has indegree in D(AU{xzq}) exceeding n by definition of 4 C#’ and A. So we see
that every z € U{p) is counted in |{PUT)NA| > p for at most k A<Ap and we can
take p=k3 to get |TNU(Ag)| >k |8"(dp)|. So we have shown that every Deﬂ)ﬁj
has vertices z,y with «(z,y; D) > k.

One can still lessen p by further considerations for all £ > 2 (for instance, one
can take p =4 (13) for k =2 (3)), but I do not believe that one can determine

f(k+1) in this way. It is not possible to take in our proof p less than k2, as the
case d={A1,..., A}, |4|=t(A)=1 for Aed and -C’f‘:C’fV for A, A’ € shows.

From the above remark we get f(2)=2. (It is easily shown in a direct way that
every finite digraph of minimum indegree 2 contains vertices x #y which are joined
by 3 openly disjoint paths, two xz,y-paths and one y,z-path.) We will show now
f(3)=3. For this, we need the following well-known property of separating sets.
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Lemma. Let D be a digraph, k a non-negative integer and be a € D and X CV (D— )
such that k(a,x; D) >k for aH z€X. IfC1NCyN X #0 for certain C’1,Cr) cV(D

a) — Nt(a) with d~(Cy) = d™(C3) =k, then also d~(C1NCq) =d™ (C;UCy) =
holds.

For a proof of this result see, for instance, {2], {3] or lemma 1 (3) in [9].
Proposition. Every D €$8 ﬂ@} ND%=:D contains x,y with =r(x,y;D)>3.

Proof. We assume that this assertion is not true. Let D be a counterexample such

that |D|+]|D]| is as small as possible. Since D€ D3, |D|>3. Then D has exactly
one vertex of indegree 1, say a, and exactly one vertex of indegree 2, say b, and
all the other vertices of indegree 3 by minimality of D. First, we deduce a few
properties of D.

1. D Is connected.

If not, there were a proper, non-empty subset C of V(D) with E(C) = 0.

Then |C|> 3, since DeDIND], and D(C) were a smaller counterexample.
2. k(a,2;D)>2 forall z€D—a.

Suppose there is an z € D —a with (a,z;D) = 1. If (a,z) € E{D) , there is
an X CV(D —a) containing = with E~(X)={(a,z)}. But then D(X) €2, which
contradicts the choice of D. Hence (a,2) ¢ E(D), and by Menger’s theorem there is
a vertex ¢ separating a to x. Define X :={y€ D: there is a y,z-path in D—t}; then
ze X CV(D—{a,t}). By (1) there is an X,t-path in D, say, an xzg,¢-path. Then
D'":=D(XU{t})U(zg,t) is in D and has K(D') <2, which contradicts the choice of
D

3. dt(a)>3

We suppose d¥(a) < 2, hence d*(a) = 2 by (2). Be N7 (a) = {d'}. We
have b ¢ NT(a), since otherwise D —a € &. Furthermore, ( ,T ) € E(D) for
x € Nt(a)— {d'}, since otherwise D' := (D —a)U(d/,2) € D with ®(D') < 2.
Consider z € NT(a) — {a'} # 0. Since s(a’,2;D) < 2, there is no «’,z-path in
D':=D—a-(d,z). Define X := {y € D': there is a y,z-path in D'}. Ilence
ze X CV(D'—d'), in particular, Ej, (X)={(d,2)}, hence N*(a)NX ={z} and
En(X)={(d,z),(a,z)}. Since b¢ NT(a), we have z#b and so we get D(X) €D,
which proves (3).

Be N*(a)={z1,...,zn}, where n >3 by (3). We subdivide (a,2;) by a new
vertex s; for 1€N,, (s;#s; for i#j) and get so Ds. Set S:={s;:i€N,}. Consider
6:={CCV(D-a): dl_)g(C) =2} and let C1,...,Cy, be the maximal elements of
(€,C). Then Cy,...,Cp “form a partition of V(D~a) by definition of Dy, by (2) and
®(D) <2, by Menger’s theorem and the above lemma. Set T} :=Np, (C;) for i€Ny,.
Obviously, SC U T;. Since |S|=n>3, we may assume b¢ C; and T7NS#0. Since

7=1



538 W. MADER

Ty C S implies D(C1) € D, we have [Ty NS| =1, say, T| = {s1,t} with t ¢ S. By
(1), there is a Cy,t-path in D, say a c,t-path. Then D':=D(C1Ut)U(c,t) €D with
®(D') <2, contradicting the choice of D. I

The value f(4) is not known. The value p =13 for £ = 3 mentioned in the
remark gives f(4) <40. But I do not know, if not perhaps even f(4) =4. The
first known k with f(k) >k is k=9. This is shown by the following construction.
Take disjoint copies Dy, Dy, D3, D4 of the digraph on 22 vertices displayed in the
figure, where Cp, := (Np,{(i,i+1) 11 € Npp—1}U{(m,1)}) and an undirected line
means a pair of oppositely directed edges. Let t; € D; correspond to ¢; for j €Ny
and identify the vertices 1!, té“, tg’z, t2+3 to a vertex t* for i=1,2,3,4 (mod 4).
The resultant digraph D is outregular of degree 9 and has ®(D)=8.

> g
KQ—E(CS) t1 [(Q—E(C4)

1 1

2 2

3 < 3

4 ts 4

5 @

2]
o @

In a finite undirected graph of minimum degree n one can always find even
adjacent vertices joined by n openly disjoint paths. So it is natural to ask, if every
finite digraph D of sufficiently large outdegree (dependent on k only) has an edge
(z,y) with &(z,y; D) > k. An answer to this question is not known, but it was
shown in [11] that an edge (x,y) with x(y,z;D) > k does not necessarily exist.

(It is immediate to prove by induction that every D € 2} has an edge (v,y) with

k(x,y; D) >2.) One could conjecture that for every k there is an ny. such that every
finite digraph D of minimum outdegree nj, contains vertices x,y with x{z,y; D) >k
and s(y,x; D) >k. A construction in [8] shows that this is not true even for k=2

and even if, in addition, miB dp(z) >2ng,.
4SS

Another conjecture of mine is related to the problems considered here. It was

proved in [4] that every finite undirected graph of minimum degree nQ(IZL) contains
a subdivision of the complete graph K, 1. The direct analogue is not true for
digraphs after the last paragraph, but perhaps the following holds.
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Conjecture. For every positive integer k, there is a (least) integer g(k) such that
every finite digraph of minimum outdegree g(k) contains a subdivision of the
transitive tournament of order k.

Of course, g(3)= f(2) =2. But the existence of g(4) as well as a counterexample
to g(4)=3 are not known.

Added in proof. In the meantime, I proved g(4)=3 in “On topological tournaments
of order 4 in digraphs of outdegree 3” (to appear in the Journal of Graph Theory).
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