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For every positive integer k, there is a positive integer f (k)  such that every finite digraph of 
minimum outdegree f (k)  contains vertices a:, y joined by k openly disjoint paths. 

It was proved in [5] that every finite (undirected) graph (without nmltiple 
edges) of minimum degree k contains adjacent vertices joined by k openly disjoint 
paths (cf. also [6], [7], [1]). It was shown in [8] that every finite digraph (without 
multiple edges) of minimum outdegree k contains vertices z, y connected by k -  1 
edge-disjoint (directed) paths from z to y, and perhaps there are even k such paths. 
Such a result is not true for openly disjoint paths in digraphs: for every positive 
integer rn, a finite digraph of nlinimum outdegree 12m is constructed in [8] so that 
all vertices z, y are connected by at most l l m  openly disjoint paths fl~om :~: to ~/. 
A similar negative result holds, if we require in addition that also tile indegree is 
large [8]. It remained an open problem in [8], if for every positive integer k there 
is a ( le~t)  integer f(k) such that every finite digraph of minimmn outdegree f(k) 
contains vertices x, y connected by k openly disjoint paths from :t: to 9. We prove 
the existence of such a flmction f here and show f(k)  = k for k < 3. 

First some definitions and notation. A digraph D = (V,E) has no multiple 
edges of the same direction. Its vertex set is denoted by V(D), its edge set by 
E(D) C_ {(x,y):x r  from V(D)}; furthermore, IDI := IV(D)l and IIDII :--I/~(D)l. 
The edge (x,y) goes from x to y. For X C_ V(D), D(X) means the subdigraph 
of D spanned by X and D - X  := D(V(D)- X); we write D - . z :  := D -  {:c} 
for x E D, where x C D is equivalent to x E V(D). For x r y from V(D), 
Dtd (z, ~/) := (V(D), E(D) U {(x, y)}); note D U (x, y) = D, if there is an edge ['rom 

x to ?/ in D. For X C V(D), ED(X ) := {(y,x) C E ( D ) :  ?] ~ X and :~: C X}, 

N~(X) := {y C V(D) :  there is an (y,x) C ED(X)  } and dD(X ) := IA~(X)I.  We 

write x instead of {x} in this notation and delete the subscript D, if the considered 
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D is obvious from the context. The notation E + ( X ) ,  N + (X)  and el + (X)  is defined 

correspondingly; for instance, d+(x) denotes the outdegree of x E D. We call a 

digraph D outregular of degree n, if d + ( x ) = n  for all x E D. 

A path and a circuit in a digraph are always continuously directed and pass 
through every vertex at most once. An z,y-path is a path  which starts from the 
vertex x and ends in the vertex y and an X,y-path for X C V ( D )  has only the initial 
vertex and no other vertex in common with X. We call a digraph D connected, 
if there is a (directed!) z ,y -pa th  in D for all x,y E D. The maxinmnl number 
of pairwise openly disjoint x ,y-paths  in D is denoted by ~(x ,y;D)  form 7~y, and 
we define n ( x , x ; D ) : = 0 .  Furthermore, we set g ( D ) : =  max ~(x ,y;D)  for a finite 

x,yCD 
digraph D. A vertex set T C V ( D ) separates C C V ( D ) to x C D , if T A ( CU { x } ) = ~ 
and there is no C, x-path in D - T .  

If b ~ is a set of subsets of a set, we write U ~ for U s .  For a positive integer 
SEJ 

m, Nm :={1, . . .  ,m} and K m : = ( N m , { ( i , j ) : i T ~ j  fro, ,  Nm}). 

For non-negative integers t), n, ~P denotes the class of all finite digraphs D 

which satisfy the inequalities ]{x �9 D:  dD(X ) _< n}l <_p < IDI. Every D �9 ~ has a 

vertex x with d - ( x ) > n ,  hence IDI >_n+2, since D is a digraph. 

~k2(k+l) 
Theorem. For every non-negative integer k, every D �9 ~ k a ( k + l  ) contains vertices 

x, y with ~(x, y, D) > k. 

Proof. We assume that  there is a positive integer k, for which this is not true. Be 

p := k 2 (/~+1) and n := k 3 (k+l)  = kp. Choose a D �9 ~P which has ~(x, y; D) _< k for all 

x, y E D, such that  IOl+llDII is as small as possible. Set P := {x �9 D:  d D (x) _< n}. By 

minimality of D, we have dD(X ) = 0  for all x � 9  dD(X ) = n + l  for all x � 9  and 

I P[--p. Choose xo �9 V ( D ) -  P # 0 and denote the elements of ED(XO ) by (xi, x0) 

for i �9 Nn+l.  We subdivide (xi, xo) by a new vertex si for i �9 Nn+l ( s i r  sj for i 7~j) 

and get in this way D~; set S : = { s i  : i � 9  

By Menger's theorem (see, for instance, chap. X.1 in [10]), for every x �9 D - x o  
there is a Tz C V(Ds)  - {x,x0} with ITx[ <_ k which separates x to x0 in Ds. For 
every x �9 D - x 0  define Cx := {y �9 Ds : there is an x ,y-pa th  in Ds - T x } .  Then 

x �9 C z -  U Cy holds for every x �9 P,  since dD~ ( x ) =  0 for x �9 P. Choose a 
yED-{x,xo} 

�9 -- N + minimal covering ~ C_ {Cz : x �9 D - x0} of V ( D -  xo) and define TC . -  D.~ (C) for 

C � 9  U Tc. T h e n C : = C - U ( ~ - { C } ) r  for e v e r y C � 9  
Cc$ 

covering $ of V ( D -  xo) is minimal. From the above property of C~ for x �9 P,  we 
deduce 

1. C x � 9  and C x O P = { x } = C z O P  for every x � 9  
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Furthermore, we have CNC'=~ for C r  ~ fi'om g, TNP=~ and 

2. E ]Tct <kl~l �9 

Since ~g is a covering of V ( D -  xo) and T C separates C to xo m Ds for C ~ 15, 

S C T  and s n U ~ g = 0 ,  in particular, U g = V ( D - x o )  hold. Defining T~: :=T(: -,_q 
for C ~ g, we get from (2) 

g E IT~:l-<a:l~l -~ ' -1 .  
c~g 

Set g ' : = { C ~ g : _ _ U n P = ~ }  and g p : = ~ - g ' .  By (1), we have g p =  { C < g :  
CNPTk~} } and 

4. I%1=> 

Consider M := {A E g~: 

all C ~ ~g with Tc  FI A r (~. 

E 14nr;,t Fo,, let C) A , ..., Ct(A) be 
Ccf  
Then 0 <_ t(A) < k for every A r M by definition of 

~(A) 
M. F o r AC M,  define A := (A U U cA)  U ( f - {  A, A A i=1 �9 -- C 1,.. . ,C~(A)}). Then A C A  

holds for A eM. Consider any (x ,y ) r  E(Ds) with y e l ,  but x C AO{x0}.  Then 

hence Y r T~:. In particular, this implies ND_a:o(A)C A, hence d-o(T4)(:f ) > ,~ for 

all x C A, since A A P  = ~ and there is at most one edge from x 0 to :r. Therefore, 

IAt _> n + l  _>/)+1, since Aye ~). Furthermore,/gl  >_ ~ > a,, since S c_ T. Hence A is a 

proper subset of V(D-zo),  since t{A, Ci4,. . . ,  Ct~A)}I _<k and Cr fox" every C C g .  

Since D was a minimal counterexample, these statements imply tl~at D(AU {x0}) 
has more then p vertices of indegree at most n. Since every such vertex of indegree 
at most n must be in PUTU{x0}  by above, we get 

5, ](PUT)thAI> p for every AEM. 

Every C r g occurs in {Ci 4, A ... ,Ct(A) } for at, most /}, A cM, since ITr _< h. 

IIence every C C f  occurs in {A, C1A C A , ' " ,  't(A)} for at most k + l  A~M. Every o. c A  

belongs to certain elements or {A,C~,... ,C~A)} , but to no fm-the , elements or 

Therefore, every ar U(M):= U ~ belongs for at most h:+l AGM to A. Hence, (5) 
AcJd 

implies 

6. ISn U(M)I + I r n  U(,~)I = I (PuT)n U(a/)l-> ~k+, =/~2 io~t" 

If COlA r 0 for some C C g and A EM, then C C A by definition of A. Set 
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IP m u(o )l = Since every C E ~ with C C U(M) occurs in {A, c1A,..., C~A)} 
for some AEM, we see I f " U f ~ l  <klM I. So (6) implies 

7. ITN g( )l _> klf" l  + ( k -  1)1~[  >_ h,l "l. 

Using (3) and (4), we get from (7) 

 lT'cn U 
CEg C'E~'-'d" CE~ 

= k l g P I  + k l f '  - f " l  - n -  1 < k l g '  - ~ " 1 .  

But this implies that there is an A E f ' - f "  with ~ IT~,NA] < k, i.e. ACM, which 
CEf 

contradicts M C g". I 

Remark. The value p and hence n = kp in the proof is mainly determined by 
inequality (7): we have to choose p for a given k so large that ITnU( )I -> kl "t 
holds. Thereby it is enough to consider an od 0 C M such that  ~"(M0) := {C E 16' : 

C C U(M0)} D_M and ITNU(M0)I_ kl~"(M0) I ho|d, where U(M0):= U ~.  Let 
AEMo 

~ts choose At, --., Am from ~ successivdy so that  Ai • ~H({AI , . . . ,Ai_I})  and 

~"({A1,... ,Am})D_M hold; set M0 := {A1,... ,Am}. Suppose y E U(Mo) occurs in 

for k + l _ > 2  AE~o.  If CEIr contains y, then C must be in {A, CA,...,C~A)} for 

these A with y E A, which implies C EM0, since every C E tr occurs in {C A, . . . ,  Ct(A )A } 
for at most k A E,~. Therefore, if there are distinct C1, C2 r $ containing y, then 

Ci EMO and 6'7:+1 E { C f  i ... C Ci , , t ( C i ) l  for i = 1 , 2  (rood 2). But this cannot happen 

by the choice of.d0. Hence, we conclude y E A  for an AEMO. But the vertices xEA 
were not taken into account in deducing inequality (5) for this A, since every z E __A 

has indegree in D(AU {xo}) exceeding n by definition of M C_ ~' and A. So we see 

ghat every a:E U(Mo) is counted in t (PUT)NA I _>p for at most k AhoY0 and we can 

take p=k 3 to get Irnu(o 0)l > k So we have shown that  every D E ~)/:~ 
- -  k 

has vertices x, y with ~(x, y; D) > k. 

One can still lessen p by further considerations for all k > 2 (for instance, one 
can take p = 4 (13) for k = 2 (3)), but I do not believe that one can determine 

f ( k +  1) in this way. It is not possible to take in our proof p less than k 2, as the 

caseM={Al,...,Ak}, IAI=t(A)=I for AEM and cA=c A' for A,A' EM shows. 

From the above remark we get f ( 2 ) =  2. (It is easily shown in a direct way that  
every finite digraph of mininmm indegree 2 contains vertices x r y which are joined 
by 3 openly disjoint paths, two x,y-paths and one y,x-path.) We will show now 
f(3) = 3. For this, we need tt~e following welt-known proper V of separating sets_ 
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Lemma. Let D be a digraph, k a non-negative integer and be a E D and X C V ( D-a  ) 
such that ~(a,x;D) ~_k for all x E X .  If  Cl f lC2NX ~9 for certain C1,C2 C V ( D -  

a ) -  N+(a) with d-(C1)  = d- (C2)  = k, then also d-(C1 nC2) = d-(Cl  UC2) = ,~, 
holds. 

For a proof of this result see, for instance, [2}, [3t or lemm~ 1 (3) in [9]. 

Proposition. Every D E ~o N~)]- Cq~?~ =: 2) contains x, y with = ec( x, y; D) >_ 3. 

Proof. We assume that this assertion is not true. Let D be a counterexample such 

that [D[ + IIDtl is as small as possible. Since D E ~)2, IDI _> 3. Then D has exactly 
one vertex of indegree 1, say a, and exactly one vertex of indegree 2, say b, and 
all the other vertices of indegree 3 by minimality of D. First, we deduce a few 
properties of D. 

1. D is connected. 
If not, there were a proper, non-empty subset C of V(D) with ED(C ) = 9. 

Then ICl >_ a, since D E~)0 0 N~I ,  and D(C) were a smaller counterexample. 

2. ~(a,x;D)>>2 forall x E D - a .  
Suppose there is an xC D - a  with ~(a,x;D)= 1. If (a,x)E E(D) , there is 

an X C_ V ( D - a )  containing x with E - ( X ) =  {(a,x)}. But then D(X)E  SO, which 
contradicts the choice of D. Hence (a, x) r E(D), and by Menger's theorem there is 
a vertex t separating a to x. Define X : = { y E D :  there is a y ,x-path in D - t } ;  then 
x E X C_ V(D - {a,t}). By (1) there is an X, t -path  in D, say, an x0,t-path. Then 

D' : = D ( X  tO {t})tO (x0, t) is in ~) and has g ( D ' ) <  2, which contradicts the choice of 
D. 

3. d+(a) > 3. 

We suppose d+(a) _< 2, hence d+(a) = 2 by (2). Be N-(a)  = {d}. We 

have b ~ N+(a) ,  since otherwise D - a  E ~). Furthermore, (d ,x )  E E(D) for 

z E N + ( a ) -  {a'}, since otherwise D' := ( D -  a)U (a',x) E ~ with -~(D') <_ 2. 
Consider x E N+(a) - {d} r 9. Since n(a',x;D) _< 2, there is no a ' ,x-path  in 

D ' : = D - a - ( d , x ) .  Define X : = { y E D  ~: there is a y,x-path in D~}. IIence 

x C X C_ V ( D ' -  a'), in particular, ED_ a (X) = { (a', x)}, hence N + (a) ~ X = {x} and 

ED(X ) ={(d ,z) , (a ,x)} .  Since b~ N+(a), we have xCb  and so we get D(X) E~, 
which proves (3). 

Be N+(a)= {Xl,. . . ,Xn}, where n_> 3 by (3). We subdivide (a, xi) by a new 
vertex si for iENn (s iCsj  for iC j )  and get so Ds. Set S:={si:iCNT~.}. Consider 

t5 := {C C_ V ( D - a ) :  dD~(C ) = 2} and let C1, . . . ,Cm be the maximal elements of 

(~, _C). Then C1,. . . ,  Cm form a partition of V(D-a)  by definition of Ds, by (2) and 

g.(D) < 2, by Menger's theorem and the above lemma. Set T/ :=  ND ~ (Ci) for i E Nm. 
egg 

Obviously, S C  U Ti. Since [ S [ = n > 3 ,  we may assume b~C1 and T1MSTkO. Since 
i=1  
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TI C_ S implies D(C1) C ~, we have 17'1 AS l = 1, say, T t = {sl,t} with t ~ S. By 

(1), there is a C1, t-path in D, say a c, t-path. Then D' := D(Ct or) U (c,t) E ~ with 

Z(D l) _< 2, contradicting the choice of D. | 

The value f(4) is not known. The value p = 13 for k = 3 mentioned in the 
remark gives f(4) _< 40. But I do not know, if not perhaps even f(4)  = 4. The 
first known k with f(k) > k is k = 9. This is shown by the following construction. 
Take disjoint copies D1, D2, D3, D4 of the digraph on 22 vertices displayed in the 
figure, where Cm := (Nm,{(i , i+l):  i C Nm-1} U {(re, l)}) and an undirected line 

i means a pair of oppositely directed edges. Let tj C Di correspond to tj for j C N4 

and identify the vertices t~, t~ +1, t ~:+2, t~ +3 to a vertex t i for i =  1,2,3,4 (rood 4). 

The resultant digraph D is outregular of degree 9 and has g ( D ) =  8. 

4--4 

K 9 - E(C5) tl /(9 - E(C4) 

2 

3 

4 

t2 

In a finite undirected graph of minimum degree rt one can always find even 
adjacent vertices joined by n openly disjoint paths. So it is natural to ask, if every 
finite digraph D of sufficiently large outdegree (dependent on k only) has an edge 
(x,y) with K,(x,y;D) _> k. An answer to this question is not known, but, it was 
shown in [11] that an edge (x,y) with tr,(y,x;D) > k does not necessarily exist. 

(It is immediate to prove by induction that every D E 27~ has an edge (x,y) with 

ec(x,y;D)">2.) One could conjecture that for every k there is an n k such that  every 
finite digraph D of minimum outdegree nk contains vertices x, y with s;(x,y; D)>_ I~: 
and K(y,x; D)_> k. A construction in [8] shows that this is not true even for k = 2 

and even if, in addition, mindD(X ) _>nk. 
xED 

Another conjecture of mine is related to the problems considered here. It was 

proved in [4] that every finite undirected graph of minimum degree n2('~) contains 
a subdivision of the complete graph I(n+l. The direct analogue is not true for 
digraphs after the last paragraph, but perhaps the following holds. 
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Conjecture.  For every positive integer k, there is a (least) integer g(k) sudl that 
every finite digraph of  min imum outdegree g(k) contains a subdivision of the 
transitive tournament of order k. 

Of course, g(3) = f(2)  = 2. But  the existence of g(4) as well as a counterexample 
to g ( 4 ) =  3 are not known. 

Added in proof.  In the meantime,  I proved g ( 4 ) =  3 in "On topological tournaments  
of order 4 in digraphs of outdegree 3" (to appear  in the Journal of Graph Theory). 
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